Chapter 6. Probabilities
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Chapter 7

Probability densities

PJrogress has to be made by invoking suitable assumptions; the

=plest are best to begin with ... (Devinder Sivia)

=.1 Introduction

1 may have already presumed there is no straightforward recipe for
==gning a prior probability. And this notion is correct. Prior probabilities
== subjective, but they are not arbitrary. A prior probability distribution
= chosen after an informed judgment of the relevance and usefulness of
¢ zvailable information.

This chapter provides a few examples of probability density distribu-

-ns that are often used as prior probabilities, shown in Figure 7.1.

T.2 Gaussian distribution

T= best-known probability density is the univariate Gaussian distribution

p(w) = (271(73] *exp ( ——-—:'—) : (7.1)

= this expression, p(w) represents the probability density at w, separated
—om its mean u by (w — ). The Gaussian distribution has infinite

wpport w € (—o0,00). The attenuation of the density is parameterized
7 the standard deviation o, with o > 0. All probability densities are non-
==zative, hence p(w) € [0, 00). Notice the quadratic dependency of (w—p)

= the exponential. The mean of the Gaussian distribution coincides with
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42 Chapter 7. Probability densities

its maximum or mode. The familiar “bell-shaped” distribution is shows
in Figure 7.1, Panel (a).

One may be surprised to learn that the Gaussian distribution i= &
very “compact” distribution, still having infinitely wide, very “thin tais
Most probability mass is concentrated within a few standard deviatio=
around the mean. Therefore, a Gaussian prior may be an approprizi
choice when we want to confine a parameter w to a compact region.

7.3 Exponential distributions

The Laplace distribution is the two-sided exponential probability distz

bution
1 ( |w — u) a 13
p(w) = —exp | = . (73
Rig ¢ |

Its mean is at u, and the rate parameter is ¢, which is strictly positive
This distribution also has infinite support w € (—oo,00). The tails =
this distribution depend linearly on the separation |w — | and are mucs
broader than those of the Gaussian distribution. However, unlike t&=

Gaussian distribution, the Laplace distribution has a sharp cusp at w = =
as seen in Figure 7.1, Panel (b).
The one-sided exponential distribution is defined by

1 W .
_ = FE | s w =0 n
pw)=qH H (73
0 w < 0,

where p is the mean of the distribution, with p > 0. Also, the one-sidss
exponential distribution has a sharp cusp.

7.4 Cauchy distribution

The Cauchy distribution is

plw) = :

mt(s2 +w?)’ (4
The s is a positive scale parameter, s > 0, and w € (—o0,00). The Caucks
distribution is known to have “fat tails,” which attenuate slowly with

The one-sided half-Cauchy distribution is defined for positive valuss

of w only
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2s
(82 + w?)
0 w <0

w =0

o(w) (7.5)

The Cauchy distribution can be adopted as a prior probability distri-
seion when dealing with ill-defined situations. Its wide tails discriminate
==sonably against outliers without prohibiting them. In this respect, the
_zuchy distribution complements the Gaussian distribution, which tends
> confine the parameter values. In physics, the Cauchy distribution is
2=0 called the Lorentz distribution.

Classical statisticians want to have nothing to do with the Cauchy
tstribution. When sampling from a Cauchy distribution, one can always
smpute the sample mean v (5.6) and the sample variance s2 (5.7). How-
=ver, by adding ever more samples, their mean does not converge to a
w=ll-defined limit; it keeps “jumping around.” The same is true for the
=riance. This very counterintuitive result is nicely illustrated in the book
=7 Nolan ([8], p. 26). In Bayesian data analysis, however, there is nothing
szthological about the Cauchy distribution.

From the distributions presented so far, one may surmise that the
>aussian and the Cauchy distributions are perhaps the members of the
:ame family of probability distributions. And indeed so, this family goes
=7 the name Lévy distributions and the more general stable distributions.
Stable distributions are distributions whose form (shape) remains the
same when adding or averaging variables ([8]).

.5  Uniform distribution

The uniform probability distribution is

1

p{ W) = u |
0 otherwise.

w € [L,u]

(7.6)

The uniform distribution has strict lower and upper‘ bounds; its support
is the line segment w £ [l, u]. In two dimensions, the support is an area;
in three dimensions, a volume, and so on.

A uniform prior is often assigned when one cannot distinguish between
the possible values in an interval. For example, if the parameter w
represents a phase angle that occupies a full circle, 0 < w < 2.
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The uniform distribution is often applied to situations where [, u
represents a segment on the real line, with no preferred value for w withi=
this segment. However, on the one hand, this assumes that we are ignorans
of any value of w, while, on the other hand, we seem to know precisel:
its boundary values. This is a contradiction in our state of knowledgs
Nevertheless, uniform distributions on segments of the real line are used
by many authors and also in this tutorial (Chapter 14). One should be
aware that a uniform prior is a simplifying but sometimes helpful artifice

The uniform prior is sometimes referred to as a location prior.

7.6 Jeffreys distribution

The British geophysicist Sir Harold Jeffreys (1891 - 1989) defined a suitable
distribution for a scale factor, which now bears his name ([5], pg. 188
[4], pg. 181). A scale factor is a strictly positive and finite variable, for
example, the standard deviation o of a Gaussian distribution. The Jeffreys
distribution is

3
— we[l,u

plw)=< w (7.4
0  otherwise.

The normalization requires that w > 0 and that it lies within a bounded
interval. The normalization constant is

) ln[u/l}

Another way of interpreting Jeffreys distribution is that it is a uniform
distribution or the logarithm of w over the support [l,u], or

p (Inw) = constant. (7.9)

A Jefireys distribution is suitable for any parameter w representing a scale
factor.

Again one has to impose strict limits on the interval. And the same
discussion as in Section 7.5 applies to Jeffreys distribution. Nevertheless,
Jeffreys prior is widely applied in many applications of Bayesian data
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===lysis. We will encounter applications of Jeffreys prior in Chapters 13
e 14,

Conjugate priors

*—or distributions which belong to the same family as the likelihood func-
son are called conjugate priors. In Bayes’ theorem, the prior probability
s zlways multiplied by the likelihood. When both distributions come
==m the same mathematical family, the posterior also belongs to this
=mily, thereby often simplifying the calculations.

In this tutorial we will extensively use the conjugate property of
== Gaussian distribution. A Gaussian prior multiplied by a Gaussian
“k=lihood yields a Gaussian posterior distribution, with the advantage
==t we can do all calculations analytically.

Conjugate priors, however, have no fundamental meaning. They are
st pragmatic choices that can save one a lot of time and effort. A
mbstantial list of conjugate probability distributions can be found on

ikipedia ([12]).

7.8 In practice

=xperience in data analysis and domain understanding leads to a sound
-hoice of the prior. In contrast, in an ill-defined problem, small changes
o your prior distribution often significantly affect your numerical results.
= that case, you have made a conceptual or, more likely, a programming
error. And your time may be best spent re-stating your problem.

We will see that the prior plays three different roles in Bayesian data
znalysis, namely, stabilizing the overfitting of models and eliminating
zuisance variables (Chapter 11), and model selection (Chapter 12).

The prior probability distributions described in this chapter are the
—ost used in practice. For more examples and discussion, consult the
sooks by Sivia and Skilling ([9], pg. 117), Gregory ([3], pg. 184), Jaynes

4], pg. 372), and Von der Linden, Dose, and Von Toussaint ([11], pg. 165).
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(a) Gaussian distribution

(c) Exponential distribution

(e) Uniform distribution

Chapter 7. Probability densities

(b) Laplace distribution

(d) Cauchy distribution

(f) Jeffreys distribution

Figure 7.1: Various probability distributions.
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